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Definition of fractal measures arising from
fractional calculus
Kiran M. Kolwankar1 and Anil D. Gangal2
The sets and curves of fractional dimension have been constructed and
found to be useful at number of places in science [1]. They are used to model
various irregular phenomena. It is wellknown that the usual calculus is in-
adequate to handle such structures and processes. Therefore a new calculus
should be developed which incorporates fractals naturally. Fractional calcu-
lus, which is a branch of mathematics dealing with derivatives and integrals
of fractional order, is one such candidate. The relation between ordinary cal-
culus and measures on IRn is wellknown. For example, an n-fold integration
gives an n-dimensional volume. Also, the solution of df/dx = 1[0,x], where
1[0,x] is an indicator function of [0, x], gives length of the interval [0, x] [2].
The aim of this paper is to arrive at a definition of a fractal measure using
the concepts from the fractional calculus. Here we shall restrict ourselves to
simple subsets of [0, 1] and more rigorous treatment will be given elsewhere.
We first define a differential of fractional order α (0 ≤ α ≤ 1) as follows:
dαx = d−α1dx(x)/dx
−α where
dqf(x)
[d(x− a)]q
=
1
Γ(−q)
∫ x
a
f(y)
(x− y)q+1
dy, for q < 0, (1)
is the Riemann-Liouville fractional integral [3]. Now we define a ”fractal in-
tegral” by aID
−α
b f(x) =
∫ b
a f(x)d
αx, written in discrete form as, aID
−α
b f(x) =
limN→∞
∑N−1
i=0 f(x
∗
i )d
−α1dxi/[d(xi+1 − xi)]
−α, where [xi, xi+1], i = 0, ..., N−1,
x0 = a and xN = b, provide a partition of the interval [a,b] and x
∗
i is
some suitably chosen point of the subinterval [xi, xi+1]. We now define the
fractional measure of a subset A ∩ [0, x] (assuming it to be measurable) as
Fα(A ∩ [0, x]) = 0ID
−α
x 1A(x). Consider an example of a one-third Cantor
set C with dimension d = ln(2)/ ln(3). For this set F can be written as
Fα(C) = 0ID
−α
1 1C(x). Now we choose x
∗
i to be such that 1C(x
∗
i ) is the
maximum in that interval, then
Fα(C) = lim
N→∞
N−1∑
i=0
F iC
(xi+1 − xi)
α
Γ(α + 1)
, (2)
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where F iC is a flag function which is 1 if a point of set C belongs to the
interval [xi, xi+1] and zero otherwise. Clearly this measure is infinite if α < d
and zero if α > d. At α = d we have Fd(C) = 1/Γ(d+ 1) whereas the
Hausdorff measure [1] Hd(C) = [Γ(1/2)]d/Γ(1 + d/2).
Recently, a new quantity viz. local fractional derivative (LFD), was de-
fined [4] as
IDqf(y) = lim
x→y
dq[f(x)− f(y)]
[d(x− y)]q
0 < q ≤ 1, x > y, (3)
where the RHS uses Riemann-Liouville fractional derivative [3] given by
dqf(x)
[d(x− a)]q
=
1
Γ(1− q)
d
dx
∫ x
a
f(y)
(x− y)q
dy for 0 < q < 1. (4)
We also introduced [5] local fractional differential equations which involve
LFDs. A solution of the equation [5] IDαf(x) = 1C(x) turns out to be
equation (2) implying f(x) = Fα(C ∩ [0, x]) [2]. This generalizes the fact
that the solution of f ′(x) = 1[0,x] is the length of the interval [0, x].
A local fractional diffusion equation given by IDαt W (x, t) = (1C(t)/2)
(∂2W (x, t)/∂x2) (compare Ref. [5]), where W (x, t) is a probability density
for finding a particle in neighbourhood of x at time t, has a solution given
by [5], for W (x, 0) = δ(x),
W (x, t) =
1√
2piF(C ∩ [0, t])
exp(
−x2
2F(C ∩ [0, t])
). (5)
The mean square displacement, < x2 >= 2F(C ∩ [0, t]), is proportional to
tα. Hence the equation (5) gives a subdiffusive solution.
We have introduced a definition of fractal measures using fractional cal-
culus and shown it to be useful in studying diffusion in fractal time.
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